We extend the method of PST formulation to find a systematic way to covariantize several non-covariant Lagrangians of self-dual gauge fields. We derive in detail the necessary basic formulas which are used to prove the existence of extra local symmetry that allows us to gauge fix the auxiliary fields therein and non-covariant formulations are restored. We see that, the extra local symmetry in the PST and PSST formulations, which describe the covariant Lagrangians in the 6D decomposition of 6 = 1 + 5 and 6 = 3 + 3 respectively, can be expressed as a simple linear form in the field strength. However, although in this paper we have found the covariant Lagrangians in the other decomposition of 6 = 2 + 4, the extra local symmetry of the gauge field cannot be expressed as a simple linear form in the field strength. We present a no-go theorem to prove this specific property. We also find other covariant Lagrangians with more complex decomposition of spacetime.
Introduction
The gauge fields whose field strength is self-dual are called chiral p-form fields. Such fields exist only if p = 2n (n = 0, 1, . . .) and the possible spacetime dimension is D = 2(p + 1). It is known that the chiral p-form play a central role in supergravity and in string theory and M-theory five-branes [1] .
Marcus and Schwarz [2] are first to see that manifest duality and spacetime covariance do not like to live in harmony with each other in Lagrangian description of chiral bosons. Historically, the non-manifestly spacetime covariant of 0-form was proposed by Floreanini and Jackiw [3] , which is then generalized to p-form by Henneaux and Teitelboim [4] . The field strength of chiral p-form A 1···p they used splits into electric density E i 1 ···i p+1 and magnetic density B i 1 ···i p+1 :
(1.1)
in whichF is the dual form of F . The Lagrangian is described by
Above action lead to second class constraints and complicates the quantization procedure. Siegel in [5] proposed a manifestly spacetime covariant action of chiral p-form models by squaring the second-class constraints and introducing Lagrange multipliers λ ab into the action. The Lagrangian of chiral 2 form is described by
in which we define
Siegel action, however, does not have enough local symmetry to completely gauge the Lagrange multipliers away and suffers from anomaly of gauge symmetry. Pasti, Sorokin and Tonin in 1995 constructed a Lorentz covariant formulation of chiral p-forms in D = 2(p+1) dimensions that contains a finite number of auxiliary fields in a non-polynomial way [6, 7] . For example, 6D PST Lagrangian is
in which a(x) is the auxiliary field. In the gauge ∂ r a = δ 1 r the PST formulation reduces to the non-manifestly covariant formulation [3, 4] .
Recently, a new non-covariant Lagrangian formulation of a chiral 2-form gauge field in 6D, called as (3+3) decomposition, was derived in [8] from the Bagger-LambertGustavsson (BLG) model [9] . The covariant formulation of the associated Lagrangian is constructed by PSST in [10] , with the use of a triplet of auxiliary scalar fields.
Later, a general non-covariant Lagrangian formulation of self-dual gauge Theories in diverse dimensions was constructed [11] . In this general formulation the (2+4) decomposition of Lagrangian is found. In [12] we had also constructed a new kind of non-covariant actions of self-dual 2-form gauge theory in the decomposition of 6 = D 1 +D 2 +D 3 . We also furthermore found the most general formulation of non-covariant Lagrangian of self-dual gauge theory in [13] . In these paper the self-dual property of the general Lagrangian is proved in detail and it also shows that the new non-covariant actions give field equations with 6d Lorentz invariance.
Up to now, the PST covariant Lagrangian of self-dual gauge fields had only been constructed in the formulations of decomposition of 6 = 1 + 5 [6, 7] and 6 = 3 + 3 [10] . In this paper we will find a simple prescription which can be easily extended to other non-covariant Lagrangian with more complex decomposition of spacetime.
In section 2, we first review the PST covariant Lagrangian [6, 7] , which essentially is to covariantize the non-covariant Lagrangian in the decomposition of 6D spacetime into 6 = 1 + 5. In section 3, we covariantize the non-covariant Lagrangian in the decomposition of spacetime into 6 = 2+4 [11] . After searching the possible formulation of the associated extra local symmetry we conclude that the extra local symmetry of the two-form gauge field cannot be expressed as a simple linear form in the field strength, contrasts to the previous case.
In section 4, we derive several useful formulas and use them to covariantize the non-covariant Lagrangian in the decomposition of spacetime into 6 = 3 + 3 [10] . We compare our formulation with PSST formulation and discuss the reason of why in the decomposition of 6 = 2 + 4 the extra local symmetry of the two-form gauge field cannot be expressed as a simple linear form in the field strength, contrasts to the PST and PSST cases.
In section 5, we describe a simple rule from above study and argue that the method can be used to find the covariant Lagrangian associated to the generally non-covariant self-dual gauge field [13] . As mor examples we also find the Lagrangians in the decompositions of spacetime into 6 = 1 + 1 + 4 and 6 = 1 + 2 + 3 [12] . Last section is devoted to a short conclusion.
2
PST Covariant Lagrangian in Decomposition:
In the (1+5) decomposition the spacetime index µ = (1, · · ·, 6) is decomposed as µ = (1,ȧ), withȧ = (2, · · ·, 6). The non-covariant Lagrangian is expressed as [4] 
We describe the procedure of obtaining the PST covariant Lagrangian in following three steps [6, 7] .
• First step: We note that
and Lagrangian we can be expressed as
• Second step : We define two projection operators
in which P ν µ is used to project direction "1" while Π ν µ is used to project direction "ȧ". The projection operator P ν µ is described by
in which a(r) is an auxiliary field. Using above projection operator the covariant Lagrangian is expressed as
• Third step : As shown in PST [6, 7] there are following three useful equations
Using above three equations the variation with respect to the associated action becomes
and we have the extra local symmetry δa = φ (2.13)
in which φ is an arbitrary function. As this Lagrangian has sufficient local symmetry it allows us to gauge fix the projection operators to become the constant matrices [7, 8] 
we can find the field equation of 2-form field A ab :
Above equation is the self-duality condition in the covariant form. Because that after the gauge-fixing we can get F 1ȧḃ =F 1ȧḃ , which is the self-duality in the non-covariant formulation [4] .
3 Covariant Lagrangian in Decomposition: 6 = 2 + 4
Covariant Lagrangian
In the (2+4) decomposition of 2-form Lagrangian in [11] , the spacetime index A is decomposed as A = (a,ȧ), with a = (1, 2) andȧ = (3, · · ·, 6). The non-covariant Lagrangian is expressed as [11] 
To obtain the covariant form we first note the following relatioñ
which implies
and we can write L 2+4 as
To find the covariant form we will rewrite it in a more explicit form (as "a=1,2")
We now introduce two independent projection operators
where a, b are auxiliary fields. Operators P and Q are used to project direction "1" and "2" respectively. The covariant Lagrangian we find is described by
Surprisingly, above relation looks like as two kind of that in decomposition 6 = 1 + 5. Thus, the variation with respect to the associated action gives
Now, we go to final step. If we consider a local symmetry
in which φ and χ are arbitrary functions, then the condition of δL
Our remaining work is to find the solution of δA αβ in above equation. The solution corresponds to the exist of the extra local symmetry which enables us to restore it to the original non-covariant Lagrangian, as that in 6=1+5 case.
No-Go Theorem
In this subsection we will search the possible formulation of the solution. From eq.(3.13) we see that δA αβ shall be linear in the field strength F µνρ . But this does not guarantee that δA αβ is a simple linear function of the field strength F µνρ . For example, it may be
. However, in below we will show that the simple linear in F could not satisfy the equation (3.13).
To proceed it is useful to note that there are only 3 tensors which can be used to construct the solution : F ijk , ∂ α a and ∂ α b. We need not ∂ γ F ijk , ∂ γ ∂ α a nor ∂ γ ∂ α b and more derivative terms, as they can not produce the left-hand side of (3.13). Now, assuming that δA αβ is linear in field strength F µνρ , then there are only following three possible formulations:
The first possible formulation is that the indices α and β appear in F αβρ and
in which C i are constructed from (∂a) 2 or (∂b) 2 . (We consider possible terms that could produce φ term in (3.13). That produces χ term can be investigate in a similar way.) However, in this case
and it is easy to see that no matter what the values of C 1 and C 2 are it can not produce the φ term in (3.13).
The second possible formulation is that only one indices α appears in F αij and
However, in this case (note that
and it is easy to see that no matter what the values of C i are it can not produce the φ term in (3.13).
The third possible formulation is that the indices α and β do not appear in F ijk . In this case we have to use
However, because F ijk is a total antisymmetry tensor such contract becomes zero. Thus, we conclude that the extra local symmetry of the two-form gauge field cannot be expressed as a simple linear form in the field strength, contrasts to the previous case.
Solution
To find the solution of (3.13) we first rewrite it as
Note that we have explicitly write the summation αβ . Although the solution is that after the summation in (3.18) we can let each term of indices αβ in left-hand is equal to that in right-hand side, i.e.
in which we do not sum over the indices α and β. In this case, it has the solution (no summation over the indices α and β) 
Above equation is the self-duality condition in the covariant form. Because that after the gauge-fixing we can get F aȧḃ =F aȧḃ and F abȧ =F abȧ , which are the self-duality in the non-covariant formulation [11] .
In the next section we briefly review the PSST Covariant Lagrangian [10] in decomposition: 6 = 3 + 3. We will see the reason of why in the decomposition of 6 = 2 + 4 the extra local symmetry of the two-form gauge field cannot be expressed as a simple linear form in the field strength.
PSST Covariant Lagrangian in Decomposition:
6 = 3 + 3
Basic Formulation
In the (3+3) decomposition [8] the spacetime index µ is decomposed as µ = (a,ȧ), with a = (1, 2, 3) andȧ = (4, 5, 6 ). The non-covariant Lagrangian can be expressed as
and we can write L 3+3 as
Above Lagrangian is just that used by PSST in [10] to find the covariant form. In this paper we will adopt another method to find the covariant form. Our method is just a straightforward extending of the original PST method and can be easily extended to study other Lagrangian. We introduce three independent projection operators
where a, b and c are three auxiliary fields. The operators P , Q and R are used to project direction "1", "2" and "3" respectively. The PSST Lagrangian can be described by
We now will variation above Lagrangian with respect to the A αβ and three auxiliary fields a, b and c.
Nine Equations
To proceed, we note that for the decompositions 6 = 1 + 5 and 6 = 2 + 4 we see from L
P ST
1+5 and L
2+4 that there is at most only one project operator in the each term of reduced covariant Lagrangian. However, for the decomposition 6 = 3 + 3 we see from L P SST 3+3 that there are two or three project operators in the each term of reduced covariant Lagrangian. Thus we need furthermore relations.
We first note the three basic relations (all indices in the following are on 6D) which are derive in appendix
(4.10)
(4.11)
To obtain above equations we have used the orthogonal condition between the different projection operator, i.e P • Equations 1 ∼ 3 : Using above three basic relations we have following three equations
Notice that the variation of F µνλ F µνλ with respect A αβ have three different forms. This property plays the crucial role in the following investigation.
• Equations 4 ∼ 6 : We can also use above three basic relations to derive the following equations
in which we have used the property : F µνρ ∂ µ a∂ ν a = 0. In the same way
in which we have used the property : F µνρ ∂ µ a∂ ν a = 0 and orthogonality between different projection operator :
In the same way we can follow the above method and use the orthogonality between different projection operator to derive the another equation
• Equations 7 ∼ 9 : Through the simple variation we can get following equations
In the same we can derive the following equations
Existence of Extra Gauge Symmetry
Finally, using above nine equations the variation with respect to the associated action becomes
which has a desired form. To proceed, we will mention the most important point found in the investigation of this paper.
How we can get rid of the unwanted terms, such as
ρ F µνρ and finally remain only the terms proportional the ǫ αβabcλ in the above equation ? The key point is that in the L
P SST 3+3
there is a term F µνλ F µνλ and, as mentioned before, there are three possible forms in the variation with respect the A αβ . Thus, we can adjust the ratio between the three forms and get rid of the unwanted terms to have a desired form in the above equation. Now, we go to final step. If we consider the local symmetry
in which φ, χ and θ are arbitrary functions. Then the condition of δS
= 0 shall give us the solution of δA αβ . Let us now see how to find the δA αβ .
First, from the rotation symmetry in 6 = 3 + 3 we see that there are three possible form:
Then, the solution is
(1)
αβ + 2δA
(4.25)
In the second line we express the solution in PSST notation in which it is defined
Note that a r are the triplet of auxiliary scalar fields, i.e. a 1 = a, a 2 = b, a 3 = c, and
Thus the Lagrangian L
has sufficient local symmetry which allows us to gauge fix the projection operators to becomes the constant matrices
we can find the field equation of 2-form field
This is the self-duality condition in the covariant form. Because that after the above gauge-fixing we can get F abc =F abc and F abȧ =F abȧ , which are the self-duality in the non-covariant formulation [11] .
Note that in 6 = 3 + 3 case δA µν is just a simple linear in field strength F abc , contrasts to the case of 6 = 2 + 4. This is because that in the case of 6 = 2 + 4 we have only two auxiliary fields. But in the case of 6 = 3 + 3, as we have three auxiliary fields the third possible formulation in proving No-Go theorem in previous section cannot be ruled out. For example F ijk ∂ i a∂ j b∂ k c = 0 and we have the third possible form :δA
αβ .
Covariant Lagrangian in General Decomposition
According to above study we have found a systematic way to covariantize the noncovariant Lagrangian, which is describe in the first subsection. In the following subsections we also find the covariant Lagrangian with more complex decomposition of spacetime.
General Scheme to Covariant Lagrangian
First, it is known that the original non-covariant Lagrangian is expressed in terms of functionF abc F abc [11] [12] [13] . Therefore, the first step is to express them as F abc F abc .
In this step there will also appear the term of F µνλ F µνλ . The Lagrangian form can be easily read from the function form in the original non-covariant Lagrangian. In the second step we have to define projection operators, P ν µ , to render the constrained index, say "a" into the 6d index "µ". In the third step we can use the nine equations derived in section 2.3.2 to show that the covariant Lagrangian has sufficiently local symmetry which allows us to gauge fix the projection operators to become the constant matrices. In this gauge the covariant Lagrangian becomes that originally non-covariant Lagrangian.
Lagrangian in Decomposition:
As a further example, let us see how to covariantize the non-covariant Lagrangian in decomposition: 6 = 1 + 1 + 4. In this case the spacetime index µ is decomposed as µ = (1, 2,ȧ) and the non-covariant Lagrangian is expressed as [12] 
in which θ is an arbitrary constant. To obtain the covariant form we write L 1+1+4 as
Above relation looks like as two of that in decomposition 6 = 1 + 5, with scale factor (1+θ) and (1−θ) before them respectively. The variation with respect to the associated action gives
Thus, as that in the case of 6 = 2 + 4 we can find the following local symmetry (no summation over the indices α and β) δa = φ, δb = χ (5.6) 
To obtain the covariant form we write L 1+2+3 as
We now introduce three independent projection operators
where a, b and c are three auxiliary fields. As in the decomposition 6=3+3, the operators P , Q and R are used to project direction "1", "2" and "3" respectively. The Covariant Lagrangian we find is described by
Using the nine equations derived in section 2.3.2 we can quickly find that the variation with respect to the associated action becomes
which has a desired form. Now, as before, we can find a local symmetry with δa = φ, δb = χ, δc = θ, and proper form of δA αβ which can be easily read from above equation, as in the case of 6=3+3. The existence of extra gauge symmetries allow us to gauge fix the auxiliary fields therein and previous non-covariant formulations are reproduced.
Finally we note that in the decomposition of spacetime into 6 = 1 + 1 + 4 [12] we need two auxiliary fields. In the decomposition of spacetime into 6 = 1 + 2 + 3 we need three auxiliary fields while that in the decomposition 6 = 2 + 2 + 2 we need four auxiliary fields. In the general decomposition [13] we need five auxiliary fields. More analysis follow the above prescription can show that the covariant Lagrangian so obtain becomes the original non-covariant Lagrangian after using the local symmetry therein to gauge fix the projection operators to becomes the constant matrices. The proof of the existence of the local symmetry is easy with the help of the nine equations derived in section 2.3.2.
Conclusion
In this paper we first review the PST covariant Lagrangian [6, 7] , which essentially is to covariantize the non-covariant Lagrangian in the decomposition of spacetime into 6 = 1 + 5. Then, we follow the PST method and present a straightforward method to covariantize the non-covariant Lagrangian in the decomposition of spacetime into 6 = 2 + 4 and the BLG-motivated non-covariant Lagrangian in the decomposition of spacetime into 6 = 3 + 3. We have derived the basic formulas which enable us to prove the existence of the local symmetry. Using the symmetry we can gauge fix the projection operators to becomes the constant matrices and the original non-covariant Lagrangian is restored. We have proved a no-go theorem that in the decomposition of 6 = 2 + 4, the extra local symmetry of the gauge field cannot be expressed as a simple linear form in the field strength, contrasts to the previous two cases.
Our method can be used to find the covariant Lagrangian associated to the generally non-covariant self-dual gauge field. As an example we also discuss the Lagrangian with the decomposition of spacetime into 6 = 1 + 1 + 4 [12] . It is hoped that the covariantization method of straightforwardly extending from PST formulation in this paper can be applied to general systems. To obtain above equations we have used the orthogonal condition between the projection operator, i.e P 
